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Abstract
We use the F-theoretic engineering of four-dimensional rank-one superconformal field the-
ories to provide a geometric understanding of the phenomenon of supersymmetry enhance-
ment along the RG flow, recently observed by Maruyoshi and Song. In this context, the
superpotential deformations responsible for such flows are interpreted as T-brane back-
grounds and encoded in the geometry of elliptically-fibered fourfolds. We formulate a
simple algebraic criterion to select all supersymmetry-enhancing flows and, without any
maximization process, derive the main features of the corresponding N = 2 theories in
the infrared.
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1 Introduction
A few years ago, Maruyoshi and Song [1, 2] provided convincing evidence for a remarkable
phenomenon which takes place along certain RG flows of four-dimensional (4d) supersymmetric
field theories. Their starting point is a non-necessarily Lagrangian 4d N = 2 superconformal
field theory with a non-Abelian flavor symmetry. To this theory they add a chiral field M
transforming in the adjoint of the flavor group and the following superpotential deformation
δW = Tr (µM) , (1.1)
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where µ is the moment map associated with the flavor symmetry. The vacuum expectation value
of M is taken to be nilpotent, and hence the above deformation only preserve aN = 1 subalgebra
of the original N = 2 algebra. For most of the choices of nilpotent orbit, the RG flow triggered
by this deformation has a N = 1 fixed point in the infrared (IR), but for some specific choices a
supersymmetry enhancement occurs at low energy, giving back a N = 2 superconformal theory
in the IR. The latter theory, however, is never the same as the starting one, and in all known
cases it is non-Lagrangian.
Besides being interesting in its own right, this phenomenon turns out to be very useful as
it can provide candidate ultraviolet (UV) Lagrangians for intrinsically strongly-coupled field
theories, like the Argyres-Douglas theories [3,4], which are typically the IR fixed points of such
flows. After this discovery, significant effort has been made in studying more general sets of
theories and of flows that may have the same property [5–9], and also in finding general criteria
for the appearance of supersymmetry enhancement [10,11].
Despite many details and the systematics are now clearer, however, the very reason why
this phenomenon takes place remains fairly obscure. This is mainly due to the fact that so far
supersymmetry enhancement has been argued for on the basis of an iterative a-maximization
process [12], used to derive the correct IR R-charge of the operators that remain coupled to the
theory.
The aim of this paper is to shed light on the mechanism at the origin of this peculiar
phenomenon, by analyzing it from a geometric point of view. We focus on 3d/4d field theories
of rank 1, and engineer them in the context of M/F-theory, as theories on a M2/D3-brane
probing isolated singularities of elliptically fibered ALE spaces.1 In this geometric set-up, the
deformations (1.1) with a nilpotent vev for the adjoint chiral show up as “T-brane” deformations,
much in the same spirit of [14]. T-branes [15] can be seen as bound states of ordinary D-branes,
characterized by non-commuting vev’s for two of their worldvolume scalars.2 In the present
context, we consider T-branes made from stacks of non-perturbative 7-branes (or of ordinary
D6-branes for the 3d case). The latter play the role of flavor branes from the probe viewpoint,
and we interpret M as the vev of the background worldvolume complex scalar of the 7-brane
stack.
1See the recent paper [13], where the context of F-theory is adopted to engineer analogous types of 4d
deformations. Differently from the present work, however, RG flows are analyzed using standard field-theory
techniques.
2Further readings on the subject of T-branes include [16–38].
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Despite 〈M〉 being nilpotent, fluctuations make M non-nilpotent. This allows us to read
the effects of the deformations at the level of geometry, in the M/F-theory lift of the probed T-
brane configurations. This is in contrast to T-branes of the nilpotent type, which are completely
invisible to the M/F-theory geometry.3 It is precisely by looking at the behavior of this geometry
along the RG flow that we will be able to conclude whether supersymmetry will enhance or not
in the IR.
Our logic can be summarized as follows for the 4d case (the 3d one is analogous): We start
with the local geometry of a Calabi-Yau twofold in F-theory. The deformation is then encoded in
the hypersurface equation for a Calabi-Yau fourfold, which characterizes the flow of the N = 1
theory between the fixed points. If supersymmetry is to enhance at the IR fixed point, the
fourfold must factorize into a Calabi-Yau twofold and a trivial factor. By treating the various
hypersurfaces homogeneously, we will be able to determine in which cases this factorization
(and thus the enhancement) occurs, and in which cases instead the probed IR geometry is
higher-dimensional, giving rise to 4d theories with only four supercharges. Finally, for the
cases that display supersymmetry enhancement, we will find the candidate IR N = 2 theory
together with the correct conformal dimension of its Coulomb-branch operator, by reading off
the corresponding probed geometry.
Our results are in perfect agreement with those known from the field-theory analysis. Re-
markably, we do not make use of any maximization procedure in our study, but only perform
algebraic manipulations to derive the relevant IR quantities.
The paper is organized as follows: In Section 2 we discuss the case of Abelian theories
in three dimensions and their realization in M-theory. This part also serves to illustrate our
approach and how the infrared effective geometry can be analyzed. In Section 3 we turn our
attention to four dimensional theories living on D3-branes probing F-theory singularities. We
derive the conditions one has to impose in order to have supersymmetry enhancement and
describe explicitly in four non-trivial cases how to determine the low-energy theory from the
underlying geometry. We discuss three cases of infrared enhancement and one case in which
supersymmetry does not enhance. In Appendix A we collect some basic properties of the RG
flows of interest for us, and provide an alternative derivation of the criterion for enhancement
based on the Seiberg-Witten geometry alone. This is then applied to perform a detailed scan
of all the nilpotent orbits for rank-1 theories engineered in F-theory. Only orbits for which
enhancement occurs pass our criterion.
3See [29,36] for a probe analysis of nilpotent T-branes.
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2 Warm-up: SQED in three dimensions
In this section we would like to introduce the main ideas behind our investigation. We do it
in the context of 3d Abelian field theories because, on the one hand the analysis is technically
easier, and on the other hand this allows us to lay down the general string-theory set-up which,
with few important variations, will also be relevant for the study of 4d theories.
2.1 Geometric set-up
The theory we start from is engineered by type IIA string theory with a single D2-brane probing
a stack of N D6-branes in flat space-time. Branes are extended as in the following table:
Type IIA 0 1 2 3 4 5 6 7 8 9
D2 × × ×
N D6 × × × × × × ×
It is well known that the low-energy theory living on the probe is a 3d N = 4 field theory
with U(1) gauge group and N hypermultiplets (originating from 2− 6 strings) transforming in
the fundamental of the U(N) flavor symmetry. We call {Qi, Q˜i}i=1,...,N the chiral components of
such hypermultiplets, with gauge charge +1,−1 respectively. Strings stretching from the D2 to
itself, instead, give rise to a vector multiplet and a neutral hypermultiplet. The former comprises
a vector field Aµ, a complex scalar field φ describing the motion of the probe transverse to the
D6-stack, i.e. in the (8, 9)-plane, and a real scalar field σ for the motion along direction 3.
The latter, whose chiral halves we call s1, s2, is associated to the motion of the probe in the
directions longitudinal to the D6-stack, namely along 4, 5, 6, 7, and in the N = 4 theory is a free
field. Interactions are described by a superpotential of the form
W =
N∑
i=1
Q˜iφQi . (2.1)
This theory has a non-trivial IR physics, and here we are mostly interested in the Coulomb
branch of its moduli space, which can be described as follows [39,40]. We first Hodge-dualize the
photon to a real scalar γ: The latter is periodic and lives on a circle of radius equal to the square
of the gauge coupling g. Then we cast the fields γ, σ in the so-called “monopole operators”:
V± ∼ e±(σ+iγ/g2) . (2.2)
The above are to be interpreted as classical relations, valid far out along the Coulomb branch,
where they satisfy the obvious constraint V+V− = 1. However, at distances of order g2 from
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the origin, the Coulomb branch drastically deviates from a cylindrical shape, due to strong
quantum corrections. For a definition of the monopole operators V± valid in the full quantum
theory, see [41]. Quantum corrections turn the Coulomb branch into the following ALF space:
V+V− = φN . (2.3)
This phenomenon is elegantly described by the M-theory lift of the above type IIA set-up, where
the D6-branes precisely become the N -center Taub-NUT space described by (2.3) and probed by
a M2-brane, while the gauge coupling gets “geometrized” into the radius of the 11th dimension.
The IR fixed point of the theory on the probe corresponds to sending the gauge coupling to
infinity, and thus to turning the Taub-NUT into C2/ZN , an ALE space with an AN−1-type
singularity at the origin. Given C3 with coordinates u, v, z, this space is conveniently modeled
by the following holomorphic surface
uv = zN , (2.4)
where u, v are to be understood as “fiber” coordinates, whereas z parametrizes the base, being
identified with the field φ. The M-theory configuration we are considering is summarized in the
following table
M-theory 0 1 2 3 4 5 6 7 8 9 10
M2 × × ×
ALE × × × ×
We are now interested in adding a specific class of field-dependent relevant deformations to
the superpotential (2.1), which can be described as
δW = Tr(µM) , (2.5)
where µji ≡ QiQ˜j is the meson matrix (or the so-called “moment map” associated to the U(N)
flavor symmetry), and M is a gauge-invariant chiral superfield that we are adding to the theory,
transforming in the adjoint of the flavor group. The string-theory set-up we are using to engineer
the field theory leads to interpret the extra field M as the vacuum expectation value of the
“Higgs field” Φ of the D6-branes, namely of the background field whose spectral data describe
the motion of the D6-stack in the (8, 9)-plane:
M = 〈Φ〉 . (2.6)
IfM is constant and such that [M,M †] = 0, its entries are (complex) masses from the probe point
of view, and the corresponding deformation (2.5) preserves N = 4 supersymmetry. However,
5
since 〈Φ〉 can also depend on the internal coordinates of the D6-branes, which are identified with
the singlets s1, s2 of the gauge theory, the deformation (2.5) can also introduce new interactions,
which only preserve four supercharges. Introducing the term (2.5) in the superpotential triggers
an RG-flow which will generally lift (part of) the Higgs branch and will deform the IR Coulomb
branch as
uv = PM , (2.7)
where PM ≡ det(z1−M) denotes the characteristic polynomial of the N ×N matrix M .
In this paper, we will mostly be interested in the kind of deformations considered in 4d by
Maruyoshi and Song [1], and thus will let M acquire a nilpotent vacuum expectation value. As is
well known, this breaks the adjoint representation of SU(N) into a sum of SU(2) representations,
labeled by the spin. As a result, only the components δM(j,−j) will remain coupled, where the
subscript denotes the lowest state of the representation with spin j. We will associate s1, s2
with the fluctuations δM(j,−j) with the two highest spins4. It is immediate to see that these
deformations originate from a Higgs-field background with the property that
[〈Φ〉, 〈Φ〉†] 6= 0 , (2.8)
which correspond to having formed a T-brane of the D6-stack [15]. However, as we will see
momentarily, these are the types of T-branes which do deform the geometry of the Coulomb
branch: Indeed, due to the fluctuations, the spectral data of M will not be empty.
Before starting to analyze the consequences of the RG flows generated by (2.5), it is worth
remarking here that, clearly, this realization of the field theory forces M to only contain at most
two singlet fields. As we will see, for the purpose of discussing supersymmetry enhancement,
this will be enough and will not constitute a limitation at all. Actually, in the 3d Abelian theory
treated in this section, even retaining just one of the two singlets will mostly be enough to show
when supersymmetry enhances, and in which cases, instead, the IR theory will inevitably posses
only N = 2 supersymmetry.
2.2 SUSY enhancement
Let us start from the simplest case, i.e. N = 2. As we increase the number of flavors later, we
are going to see an easy pattern allowing us to make general statements about the enhancement.
The results we find are in agreement with the field-theory analysis of [42,43].
4As we will see especially in 4d, for some nilpotent orbits the maximum spin is multiply populated, in which
case we will let s1, s2 be two fields with the same spin.
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For SU(2) there is only one non-trivial nilpotent orbit, and a single spin-1 field to be con-
sidered. The corresponding deformation matrix is
M = 〈M〉+ δM(1,−1) =
 0 m
0 0
+
 0 0
s 0
 , (2.9)
where we made explicit the mass scale through the parameter m. Now, adding the deformation
(2.5) to the superpotential (2.1), and integrating out the massive fields, we end up with the
following effective superpotential
W eff =
(
s− φ
2
m
)
Q1Q˜
2 . (2.10)
By flowing to the IR, we look at the system at decreasing energy scales, which effectively means
sending to infinity the scale m. At the IR fixed point, therefore, the superpotential simply
becomes
W IR = sQ1Q˜
2 , (2.11)
which gives us back N = 4 supersymmetry. Alternatively, one can also invoke the chiral ring
stability criterion of [42] to remove the second term in W eff : The F-term equation for s sets
to zero Q1Q˜
2 in the chiral ring and therefore the φ-dependent term can be dropped without
affecting the infrared dynamics.
The final theory is however different from the starting one: Neglecting the decoupled chiral
multiplet φ, we have obtained a N = 4 theory with a single fundamental hypermultiplet. This
theory has trivial Higgs branch, and in the IR it is actually equivalent to the theory of a free
hypermultiplet. Indeed, using (2.7), its IR Coulomb branch is
uv = z2 −ms =⇒ uv = s , (2.12)
where we have performed a trivial redefinition of the coordinate s. The latter can now be
eliminated in favor of u, v, which correspond to the free hypermultiplet. Geometrically, this
phenomenon of enhancement amounts to a rather obvious statement: The deformed Coulomb
branch is a smooth threefold, and hence it can always be written locally as a twofold times a
line. This has a clear physical meaning: The deformed theory is realized on a D2-brane probing
a single D6-brane wrapping the curved space z2 − s = 0, which has a parabolic shape in the
complex plane with coordinates z, s (see figure 1). In the IR, however, the D2 does not dispose
of enough energy to “feel” the curvature of the D6, being only able to probe a tiny neighborhood
of it around s = 0. At the fixed point, the probe just sees a flat D6-brane at s = 0, which is the
reason for supersymmetry enhancement.
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zs
IR window
Figure 1: In the IR, the D2 only probes a tiny neighborhood around s = z = 0 of the curve
s− z2 = 0, where the D6 appears to be flat.
The above discussion makes it clear that, whatever is the number of flavors we start with,
if the SU(N) flavor symmetry is completely broken by a 〈M〉 corresponding to the maximal
nilpotent orbit, the deformed N = 2 theory always flows to a free N = 4 one. The argument
proceeds through the same steps: Under the principal embedding, the adjoint representation of
SU(N) breaks as follows [44,45]
AdjSU(N) −→
N−1⊕
j=1
Vj , (2.13)
where Vj denotes the SU(2) representation of spin j. Now, in principle, we should retain all of
the N − 1 spin (j,−j) fields, which will give rise to several interaction terms in the deformed
superpotential. It is immediate to see, however, that the dominant term in the m→∞ limit is
always the one involving the highest spin, which, as before, substitutes φ in the role of complex
scalar in the N = 4 vector multiplet. The physical meaning and the geometric realization of the
enhancement are identical to the case discussed above5.
For any nilpotent orbit other than the maximal one, the RG flows triggered by deformations
analogous to those considered by Maruyoshi and Song in 4d do not lead to supersymmetry
enhancement. Let us give two slightly different examples of non-principal embeddings, from
which a general pattern can be easily inferred. First consider N = 3 in the starting theory, and
5The differences are just in higher-order monomials near the origin, neglected at the IR fixed point. For
instance, retaining only the two highest spins, the Coulomb branch of the deformed theory is a fourfold of the
form uv = zN + mN−2s2z + mN−1s1, which locally splits in {uv = s1} × C2z,s2 .
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deform it according to the subregular (or minimal) nilpotent orbit of SU(3), i.e. with
M =

0 m 0
s 0 0
0 0 0
 , (2.14)
where again we only kept the field of highest spin, (1,−1). The Coulomb branch of the deformed
geometry has now a singularity of conifold type:
uv = z3 −msz =⇒ uv = sz , (2.15)
and consequently the M2 probing this geometry only preserves N = 2 supersymmetry. Analo-
gously, in type IIA, the D2 sits near the intersection point of two D6-branes.
As a second example, take SU(4) with the deformation induced by
M =

0 m 0 0
s1 0 0 0
0 0 0 m
0 0 s2 0
 , (2.16)
which descends from the [2, 2] partition of 4. Here, in the decomposition of the adjoint, one
finds four spin-1 fields, and hence we need to retain at least a couple of them, s1 and s2. Again,
at low energies, the probe sees a conifold geometry:
uv = (z2 −ms1)(z2 −ms2) =⇒ uv = s1s2 , (2.17)
and the IR fixed point only has four conserved supercharges. Interestingly, notice that if we
had considered a slightly different deformation of this theory, namely with M like in (2.16), but
with s1 and s2 identified, we would have found supersymmetry enhancement in the IR, with a
non-trivial fixed point: a M2-brane probing the singular space C2/Z2.
It is clear that, in general, for all non-principal embeddings, we end up having at least two
chiral fields which remain coupled in the IR theory. Consequently there is no supersymmetry
enhancement along the RG flow.
3 Rank-1 four-dimensional theories
In this section we turn our attention to 4d N = 2 supersymmetric field theories of rank 1. The
reason why we focus on them is that they have an easy geometric realization in the context
9
of F-theory, which will help us explore the question of supersymmetry enhancement in purely
algebraic terms. Our results agree and provide an explanation of the phenomena observed
in [2, 5, 8] using field-theoretic methods. Moreover, for the RG flows leading to supersymmetry
enhancement, we are able to compute algebraically the correct IR conformal dimensions of all
fields, i.e. without using any maximization procedure.
3.1 Geometric set-up
The geometric engineering of 4d N = 2 field theories and of their N = 1 deformations in F-
theory is closely related to the M-theory setting we used to engineer 3d theories in Section 2.1.
There are, however, a few important differences which we would like to highlight here.
Rank-1 field theories can be realized as theories on a single D3-brane probing a stack of
7-branes in type IIB string theory [46]. Contrary to the previous case, the 7-branes can be
mutually non-perturbative, thus realizing exceptional flavor symmetries6. The corresponding
probe theories are the so-called Minahan-Nemeschansky theories [47]. F-theory provides the
set-up to analyze these systems with geometric methods. It uses an auxiliary 2-torus fibered over
the physical space, which from the field-theory viewpoint plays the role of the Seiberg-Witten
curve. As in M-theory, one probes isolated singularities of elliptically-fibered ALE spaces, which
will now be of different Kodaira types, according to the flavor structure. Probe and singular
space for the starting theory in the UV extend in twelve dimensions as follows:
F-theory 0 1 2 3 4 5 6 7 8 9 10 11
D3 × × × ×
ALE × × × ×
In the above table, 10 and 11 represent the torus directions and, unlike in M-theory, do not
correspond to any physical operator of the probe theory. Instead, the (8, 9)-plane, which the
torus is fibered over, is parametrized by the UV Coulomb-branch operator (this is the motion of
the D3 probe transverse to the 7-branes). Like in the previous section, the 4, 5, 6, 7 coordinates,
s1, s2, correspond to a free hypermultiplet parameterizing the motion of the probe along the
7-brane stack, which will be coupled when deforming the theory.
Deformations are again formulated as in (2.5), where µ is the moment map associated to the
flavor symmetry of the starting theory, which in most of the cases is a non-Lagrangian theory.
6or giving a non-perturbative realization of classical flavor symmetries, as is the case for the Argyres-Douglas
theories.
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M is the extra chiral field added to the theory, which, following [44], we will split as
M = ρ(σ+) +
∑
j=s1,s2
δM(j,−j) , (3.1)
where the first term is its vacuum expectation value, taken along the nilpotent element ρ(σ+).
Again, for the purpose of discussing the possible appearance of supersymmetry enhancement in
the IR, it will be sufficient to restrict the above sum of fluctuations to the two highest spins,
s1, s2, in the decomposition of the adjoint representation of the original flavor symmetry. We
name them such that spin(s1) ≥ spin(s2). The UV conformal dimension DUV(·) of such fields
is related to their spin by [44] (see also [2])
DUV(si) = spin(si) + 1 , (3.2)
as we will review in Appendix A. Hence fields of vanishing spin are free fields.
Like in the M-theory construction, M induces a deformation of the ALE space in F-theory,
because it corresponds to the vacuum expectation value of the 7-brane Higgs-field. The probed
configuration is again of T-brane type. In this case, however, there is a technical complication:
The characteristic polynomial of M does not directly appear in the one defining the geometry,
like in (2.7). Nevertheless, there exists a precise one-to-one correspondence between the Casimir
invariants of M and the versal7 deformations of the original singular geometry (see e.g. [48]).
See Table 1, taken from [49], for a summary of the complete unfolding of the singularities which
are relevant to us in this section. By using this correspondence, we are able to write down the
deformed F-theory geometry for any given nilpotent orbit.
Kodaira Surface Flavor
II∗ y2 = x3 + x(M2z3 +M8z2 +M14z +M20) + (z5 +M12z3 +M18z2 +M24z +M30) E8
III∗ y2 = x3 + x(z3 +M8z +M12) + (M2z4 +M6z3 +M10z2 +M14z +M18) E7
IV ∗ y2 = x3 + x(M2z2 +M5z +M8) + (z4 +M6z2 +M9z +M12) E6
I∗0 y2 = x3 + x(τz2 +M2z +M4) + (z3 + M˜4z +M6) SO(8)
IV y2 = x3 + xM2 + (z
2 +M3) SU(3)
III y2 = x3 + xz +M2 SU(2)
II y2 = x3 + z no
Table 1: Maximally deformed singularities. Mi is the degree-i Casimir invariant of the corre-
sponding flavor symmetry. M˜4 indicates the Pfaffian of the so(8) matrix. Table taken from [49].
7Roughly said, these are all deformations which cannot be undone by coordinate redefinitions.
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Regardless of which RG flow and which energy scale we look at, the probed F-theory geometry
is always going to look like a hypersurface in Weierstrass form
y2 = x3 + f(z, s1, s2)x+ g(z, s1, s2) , (3.3)
where x, y are the auxiliary fiber directions and z parametrizes the UV Coulomb branch. The
precise form of the holomorphic functions f, g depends on the choice of UV theory we start with,
and on the way we deform it (i.e. on the choice of nilpotent orbit in (3.1)). The ALE space
corresponding to the UV theory is retrieved from (3.3) by setting s1 ≡ s2 ≡ 0.
3.2 SUSY enhancement
Let us now perform an algebro-geometric analysis of the RG flows triggered by the T-brane
deformations described above. In particular, our method will tell us which nilpotent orbits are
expected to lead to supersymmetry enhancement in the IR, and what are the N = 2 geometries
we are supposed to land on in each case. Results are in agreement with [2, 5, 8].
3.2.1 Approach
The logic is the same of the previous section: If supersymmetry enhances in the IR, the deformed
geometry, given by the (local) Calabi-Yau fourfold in equation (3.3), must factorize into a Calabi-
Yau twofold and a trivial factor:
CYUV2
Def
===⇒ CY4 IR===⇒ CYIR2 × C2 , (3.4)
Here we made it manifest that the twofold geometry we find in the IR is generally different
from the one we start with in the UV. The two are obviously the same if we choose the trivial
nilpotent orbit, whereby s1, s2 are both free fields (being of spin 0), and thus δW ≡ 0. In fact,
as we will see momentarily, this is the only instance for which the twofold geometries coincide.
To proceed, we employ the following strategy: First, since conformal dimensions of operators
may be viewed as C∗-assignments for the corresponding algebraic variables, we promote the affine
coordinates in (3.3) to projective ones, and require the fourfold polynomial to be homogeneous.
Homogeneity is indeed the geometric counterpart of the fact that relative scalings of the fields
in question are invariant under RG flow8.
8See Appendix A for a field-theory proof of this fact.
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Next, we assume that supersymmetry enhances at the end of the flow and we make an
“educated guess” of what the IR twofold geometry would be. Our Ansatz is
CYIR2 = CY4|z≡s2≡0 , (3.5)
that means promoting the highest-spin field s1 to the role of IR Coulomb-branch operator
(or equivalently making it the base coordinate for the elliptic CYIR2 ). Note that, on the one
hand, choosing to retain s2 instead of s1 would have not been a viable option because, due to
homogeneity, a decoupling of s1 would force s2 to decouple too. On the other hand, suppressing
s1, s2, namely imposing CY
IR
2 = CY
UV
2 , would force z to maintain its UV conformal dimension,
again due to homogeneity. This in turn implies trivial RG flow, and thus trivial nilpotent orbit.
Finally, we must make sure that our Ansatz (3.5) is indeed consistent. In order to do so, we
compute the IR conformal dimensions of the various fields and verify that both z and s2 will hit
the unitarity bound and decouple [50], which means:
DIR(z) ≤ 1 and DIR(s2) ≤ 1 . (3.6)
We argue that the deformations for which this happens lead to IR supersymmetry enhancement.
In contrast, when at least one of these fields does not satisfy (3.6), the IR fixed point certainly
preserves only four supercharges.
Based on the above considerations, we can immediately conclude that a non-trivial orbit
characterized by an adjoint decomposition where the highest-spin state is multiply populated,
can never lead to supersymmetry enhancement. This is because D(s1) = D(s2) both in UV
and IR, and thus the second relation in (3.6) cannot be satisfied. Similar conclusion holds
for those orbits where the highest-spin field has UV dimension smaller or equal to that of the
Coulomb-branch operator, because the first relation in (3.6) would be violated.
Conformal dimensions in the IR are computed in a purely algebraic manner, by exploiting
the assumption of extended supersymmetry:9 As is usually done to construct local models in
F-theory [51], we imagine the twofold CYIR2 fibered over the rest of the space, and thus let the
homogeneous coordinates x, y, s1 to be sections of suitable powers of the canonical bundle of the
base. These powers are the would-be conformal dimensions in the IR. We now impose that the
total space of such fibration be Calabi-Yau, which, using adjunction, amounts to the condition10
DIR(x)−DIR(y) +DIR(s1) = 1 . (3.7)
9We can of course compute also the UV conformal dimensions by the same method.
10As explained in Appendix A, this condition is a geometric counterpart of the field-theory fact that the
Seiberg-Witten differential has dimension 1.
13
Together with homogeneity, this equation allows us to determine DIR for all fields. They will
coincide with the correct IR conformal dimensions, in case (3.6) is satisfied and thus the as-
sumption of enhancement is found to be consistent. In the cases where we find no enhancement,
instead, this algebraic method is unreliable, and one cannot bypass the a-maximization process
to derive the correct IR scaling of fields.
We will now exemplify the strategy outlined above in three qualitatively distinct cases of
enhancing RG flows and in one instance without enhancement, deferring to Appendix A a
complete scan of rank-1 theories and of their Maruyoshi-Song deformations.
3.2.2 SU(2) gauge theory with 4 flavors and maximal orbit
Among the UV theories we consider, this is the only case with a weakly-coupled Lagrangian
description, and the analysis can be performed entirely in a type IIB setting of a D3-brane
probing a stack of 4 D7-branes attached to an O7− plane. We will however proceed using the
more powerful geometric setting of F-theory, which can be exported to the strongly coupled
cases of the next subsections.
The SU(2) gauge theory with SO(8) flavor symmetry arises as the theory on a D3-brane
probing an elliptically-fibered ALE space with D4 singularity at the origin (Kodaira type I
∗
0).
The corresponding hypersurface equation in C3 reads
y2 = x3 + τz2x+ z3 , (3.8)
where τ denotes the exactly marginal coupling of this theory. As discussed, we can derive the
UV conformal dimension of the Coulomb-branch operator z and the scalings of the auxiliary
variables x, y, by simply fibering this singular space over the 7-brane worldvolume. This gives
us the following three conditions:
DUV(x)−DUV(y) +DUV(z) = 1 , (3.9)
3DUV(x)− 2DUV(y) = 0 , (3.10)
DUV(x)−DUV(z) = 0 , (3.11)
where the first comes from the Calabi-Yau condition of the total space of the fibration (the UV
analog of (3.7)), whereas the others are simply consequence of the homogeneity of (3.8). Solving
the above system gives DUV(z) = DUV(x) = 2 and DUV(y) = 3.
We are now interested in deforming this theory with 〈M〉 in the principal nilpotent orbit of
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so(8). The decomposition of the adjoint corresponding to this orbit reads (see Table 2):
Adj −→ V5 ⊕ V3 ⊕ V3 ⊕ V1 , (3.12)
where Vj indicates the representation of spin j under the embedded SU(2). We now retain only
two of the four extra singlets which remain coupled to the theory, namely the spin-5 field and
one of the spin-3 fields, and identify them with s1, s2 respectively. The deformation we consider
is then of the form (2.5), with M the following 8× 8 matrix
M =

0
√
6 0 0 0 0 0 0
0 0
√
10 0 0 0 0 0
0 0 0
√
6 0 0 0
√
6
s2 0 0 0 0 0 −
√
6 0
0 s1 0 s2 0 0 0 −s2
−s1 0 0 0 −
√
6 0 0 0
0 0 0 0 0 −√10 0 0
−s2 0 0 0 0 0 −
√
6 0

(3.13)
For a discussion on how to build explicit standard triples for nilpotent orbits of complex simple
Lie algebras, see for example [52]. The characteristic polynomial of the above matrix reads
PM (t) = t
8 + 240
√
6s1t
2 + (120s2)
2 , (3.14)
from which we see that two of the four independent Casimir invariants of so(8) are activated,
i.e. the sixth-order Casimir and the Pfaffian (one of the two fourth-order Casimir’s). After a
suitable rescaling, they can be identified with s1, s2 respectively. We can now derive the versal
deformations of the D4 singularity induced by (3.13), finding the (smooth) fourfold (see Table
1):
y2 = x3 + τz2x+ z3 + s2z + s1 . (3.15)
Following our procedure, we make at this point the assumption that this RG flow leads to
supersymmetry enhancement and make the Ansatz (3.5) for the twofold in the IR, i.e.
CYIR2 : y
2 = x3 + s1 . (3.16)
This is a smooth local elliptic K3 manifold, with a singular fiber in the origin of cusp form
(Kodaira type II). We now compute the new scaling dimensions of x, y, s1, by using (3.7) and
homogeneity of (3.16), and we find DIR(x) = 2/5, DIR(y) = 3/5, DIR(s1) = 6/5. Homogeneity
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of (3.15) then fixes the conformal dimensions of z, s2 to be D
IR(z) = 2/5, DIR(s2) = 3/5, which
violate unitarity unless the fields z, s2 decouple. This makes our Ansatz consistent, and we have
found that the N = 2 IR fixed point is the theory of a D3-brane probing the space (3.16), i.e.
the Argyres-Douglas theory of type H0. Also, the dimension of its Coulomb-branch operator s1
(6/5) turns out to be the correct one.
3.2.3 E7 Minahan-Nemeschansky and E6-type orbit
The starting UV theory here is the one living on a D3-brane probing the space
y2 = x3 + xz3 , (3.17)
i.e. a local K3 surface with an E7 singularity in the origin (Kodaira type III
∗). Following the
usual trick, we compute the scaling dimensions of x, y, z, finding DUV(x) = 6, DUV(y) = 9 and
DUV(z) = 4. The deformation we would like to consider corresponds to the nilpotent orbit of
e7 with Bala-Carter label E6, which has an adjoint decomposition such that (see Table 4)
Adj ⊃ V11 ⊕ V8 . (3.18)
We therefore identify the spin-11 and the spin-8 fields with s1, s2 respectively. Among the 7
independent Casimir invariants of the e7 algebra, there is one of degree 12 and one of degree
18. By a quick scaling argument which uses equation (3.2), we conclude that both of them are
activated and are proportional to s1 and s
2
2 respectively. There are no other combinations of
the two singlets with a degree matching that of any other Casimir invariants. As can be seen
from Table 1, the deformed hypersurface is then (modulo rescaling of fields)
y2 = x3 + xz3 + s1x+ s
2
2 . (3.19)
We now conjecture that supersymmetry enhances with a IR twofold of the form:
CYIR2 : y
2 = x3 + s1x , (3.20)
which gives us the following IR conformal dimensions: DIR(x) = 2/3, DIR(y) = 1, DIR(s1) =
4/3. Homogeneity of (3.19) fixes DIR(z) = 4/9 and DIR(s2) = 1, implying that both z and s2
decouple. Our conjecture is indeed verified and we have found in the IR the Argyres-Douglas
theory of type H1 with the correct conformal dimension for its Coulomb-branch operator s1.
This theory arises on a D3-brane probing the elliptic surface (3.20) with singularity of Kodaira
type III.
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3.2.4 E6 Minahan-Nemeschansky and D4-type orbit
Here we start from the theory of a D3-brane probing the following ALE space
y2 = x3 + z4 , (3.21)
which has an E6 singularity in the origin (Kodaira type IV
∗). Scaling dimensions in the UV
are: DUV(x) = 4, DUV(y) = 6 and DUV(z) = 3. We consider the deformation associated to the
nilpotent orbit of e6 with Bala-Carter label D4, which has an adjoint decomposition with the
property (see Table 3)
Adj ⊃ V5 ⊕ V3 . (3.22)
We are led to identify the spin-5 field with s1 and the spin-3 field with s2. Among the 6
independent Casimir invariants of the e6 algebra, there is one of degree 8 and one of degree 12,
which we identify with s22 and s
2
1 respectively. By a degree-argument we can conclude that no
other Casimir is activated. Using Table 1, we can write the deformed geometry as
y2 = x3 + z4 + s22x+ s
2
1 . (3.23)
Our educated guess for the IR twofold corresponding to the susy-enhanced theory is
CYIR2 : y
2 = x3 + s21 , (3.24)
which leads to the IR dimensions: DIR(x) = 1, DIR(y) = 3/2, DIR(s1) = 3/2. Our guess is
justified by the fact that the former Coulomb-branch operator z and the extra singlet s2 hit the
unitarity bound and decouple. Indeed, using homogeneity of (3.23), we have DIR(z) = 3/4 and
DIR(s2) = 1. We have found in the IR the Argyres-Douglas theory of type H2, as the theory on
a D3-brane probing the singular ALE space (3.24) with type-IV Kodaira singularity.
3.2.5 E8 Minahan-Nemeschansky and E8(a2)-type orbit
We would like to conclude this section by giving an example for which our procedure guarantees
the absence of IR supersymmetry enhancement. We start in the UV with the E8 Minahan-
Nemeschansky theory, i.e. with a D3-brane probing the ALE space
y2 = x3 + z5 , (3.25)
a singular space with Kodaira-type singularity II∗. Computing the UV scaling dimensions, we
find: DUV(x) = 10, DUV(y) = 15 and DUV(z) = 6. Consider the deformation induced by the
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nilpotent orbit of e8 with Bala-Carter label E8(a2), which admits an adjoint decomposition such
that (see Table 5)
Adj ⊃ V19 ⊕ V17 . (3.26)
We identify the spin-19 and the spin-17 fields with s1, s2 respectively. Among the 8 independent
Casimir invariants of e8, the only ones which are turned on by this deformations are the one
of degree 18 and the one of degree 20, which, after suitable field redefinitions, can be taken to
coincide with s2 and s1 respectively. The geometry (3.25) will then be deformed as follows (see
Table 1)
y2 = x3 + z5 + s1x+ s2z
2 . (3.27)
We now assume that this RG flow leads to supersymmetry enhancement and make the following
Ansatz for the IR twofold:
CYIR2 : y
2 = x3 + s1x , (3.28)
which is an ALE space with type-III Kodaira singularity, just like (3.20). Hence, IR scaling
dimensions are: DIR(x) = 2/3, DIR(y) = 1, DIR(s1) = 4/3. Using homogeneity of (3.27),
however, we find that the new scaling dimensions of z, s2 are: D
IR(z) = 2/5 and DIR(s2) = 6/5.
Therefore, while the former Coulomb-branch decouples, the other extra singlet remains coupled
and thus invalidates our assumption of IR supersymmetry enhancement. We can then definitely
conclude that the IR theory has only N = 1 supersymmetry, but the conformal dimensions we
have computed are incorrect. In this case, we cannot bypass a differential process to derive
them.
4 Conclusions
In this note we have explained how the geometric realization of theories with 8 supercharges in
M/F-theory can be used to understand the phenomenon of supersymmetry enhancement upon
a superpotential deformation of the Maruyoshi-Song type. The key fact is that, in the stringy
setup we consider, the superpotential deformation is encoded in the Weierstrass polynomial
(3.3), and therefore we gain control over the entire RG flow using purely geometric techniques.
In our setup the phenomenon of supersymmetry enhancement is translated into the simple
geometric constraint that the background should preserve half of the supersymmetry, and thus
reduce at low energy to a twofold times a flat euclidean space. This requirement precisely
provides the consistency conditions which select the class of T-branes inducing supersymmetry
enhancement.
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Looking beyond the scope of this paper, our analysis potentially leads to some interesting
observations regarding nilpotent T-branes. We make an example to explain this point: Take the
H1 theory which flows to H0 upon a nilpotent vev for the SU(2) adjoint. If we flip the singlet
s1 (thus making it massive),
11 we are left at low energy with the same theory we would get by
activating a constant nilpotent T-brane. The relation with the H0 theory clearly tells us that
the IR fixed point can also be reached starting from a different background (the Kodaira-type II
singularity realizing the H0 theory) and deforming the theory by flipping the Coulomb-branch
operator. A relation of this type extends to several other cases of nilpotent T-branes: The
low-energy theory living on the probe can be realized starting from a different geometry via
a superpotential deformation. It would be interesting to investigate this aspect further and
understand how general this phenomenon is. We hope to come back to this issue in the future.
Also, part of our construction extends to higher-rank theories which can be engineered in
M-theory by wrapping M5-branes on a Riemann surface: The models discussed in this paper
are just special cases. It would be important to extend our construction to that class of theories
as well, and to formulate a precise geometric criterion for supersymmetry enhancement. A
similar question can be asked in the more general context of class S theories. We are currently
investigating these topics.
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A Scan of rank-1 theories
In this Appendix we formulate a criterion for supersymmetry enhancement using arguments
based on the Seiberg-Witten (SW) curve, and then show explicitly that our criterion selects
precisely for each theory the correct nilpotent orbits. We do not discuss in detail the RG
flows starting from the Argyres-Douglas theories H1 and H2, which have already been discussed
several times in the literature. It can be easily checked that in these two cases all choices of
nilpotent vev pass our test and lead to supersymmetry enhancement in the IR.
A.1 RG flow invariance of relative scalings and enhancement criterion
As we have explained in Section 3, the SW curve for the models we consider in the present paper
is an elliptic curve that can be uniformly written as in (3.3):
y2 = x3 + xf(z, s1, s2) + g(z, s1, s2) = 0 , (A.1)
where the precise form of f and g depend on the theory and the choice of nilpotent orbit.
The curve associated with the UV theory, before turning on the mass deformation, is obtained
simply setting s1 = s2 = 0 in (A.1), and in this case z describes the expectation value of the
Coulomb-branch (CB) operator. The explicit form of the SW differential λSW is also model
dependent. However, its derivative w.r.t. the CB operator is always equal to the unique (up
to exact terms) holomorphic differential dx/y of the torus [54]. This condition follows from
extended supersymmetry. We therefore have (in the UV) the relation
∂λSW
∂z
=
dx
y
. (A.2)
As is well known, from the curve and differential one can extract the scaling dimensions of CB
operators [55]: By requiring homogeneity of the curve we can fix the dimension at the CFT
point of all the variables up to a rescaling. In the case at hand, we conclude from (A.1) that
2D(y) = 3D(x) ; D(f) = 2D(x) ; D(g) = 3D(x) , (A.3)
and knowing the explicit form of f and g we can case-by-case write the dimensions of s1, s2
and z in terms of a single unknown, say D(x). The overall scaling can then be determined, as
already mentioned in Section 3, by exploiting the fact that the SW differential has dimension
one. Equivalently, from (A.2) we recover (3.7)
1−D(z)UV = D(x)UV −D(y)UV = −D(x)
UV
2
, (A.4)
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where in the second equality we have used (A.3).
The key observation for us is that the relative scaling dimensions do not vary along the
flow and are therefore the same in the UV and in the IR. This can be seen for example by
noticing that the curve (A.1) describes both the UV and the IR theory and the curve is the
only information we need to extract relative scaling dimensions. We can also provide a more
direct field-theoretic argument based on symmetries, as we will now explain. The deformation
(3.1) leaves two U(1) symmetries unbroken: The Cartan of SU(2)R (which we denote I3) and
r − 2ρ(σ3), where r is the generator of U(1)R and ρ(σ3) is the Cartan of the SU(2) subgroup
of the flavor symmetry associated with the given nilpotent orbit. The infrared R-symmetry can
be parametrized as follows (see [2] for conventions):
R = (1 + )I3 + 1− 
2
(r − 2ρ(σ3)) , (A.5)
where the value of  can be determined via a-maximization. All the operators appearing in
(A.1) are uncharged under I3 and their trial R-charge is of the form R(O) = (1 − )DUV(O).
The case of singlets deserves some further comments: Their charge under r is 2 and the charge
under ρ(σ3) is equal to the spin of the corresponding SU(2) representation. Therefore, we
recover (3.2): DUV(si) = spin(si) + 1. Clearly, the actual R-charge in the IR, and hence the
dimension, depends on the value of . However, the ratio of scaling dimensions does not depend
on this quantity and coincides with the UV value. This argument clearly applies to the auxiliary
coordinates x and y as well. In this sense, relative dimensions are RG invariant, and in what
follows we will exploit the following relations:
DIR(z)
DIR(x)
=
DUV(z)
DUV(x)
;
DIR(s1)
DIR(x)
=
DUV(s1)
DUV(x)
;
DIR(s2)
DIR(x)
=
DUV(s2)
DUV(x)
. (A.6)
In the above equation, by DIR(·) we actually mean the charge under r/2−ρ(σ3), which coincides
with the actual scaling dimension in the IR only for operators which do not hit the unitarity
bound and decouple. Our goal is to write down the analog of (A.4) in the infrared (under the
assumption of supersymmetry enhancement) and use it to explicitly evaluate DIR(x). Using
then (A.6) we can determine the scaling dimension of all the other operators.
From the RG independence of relative scaling dimensions we know that the ratio (which we
denote by α) between the dimension of s1 and the dimension of z is the same in the UV and in
the IR, and indeed we know how to compute it in the UV:
αIR = αUV =
DUV(s1)
DUV(z)
. (A.7)
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This relation is useful in writing down the infrared counterpart of (A.4): As we have already
explained in Section 3, whenever supersymmetry enhancement occurs, s1 is identified with the
CB operator in the IR, and therefore (A.2) should be replaced by
∂λSW
∂s1
=
dx
y
, (A.8)
leading to the equation
1− αDIR(z) = −D
IR(x)
2
. (A.9)
Using now (A.6) and (A.7), we can rewrite (A.9) as follows:
DIR(x) =
2DUV(x)
2DUV(s1)−DUV(x) , (A.10)
expressing DIR(x) in terms of UV scaling dimensions, as desired. Once DIR(x) is known, we
can determine all the other scaling dimensions from the curve (see (A.3)). In conclusion, this
equation can be used to fix completely the scaling dimensions in the IR. At this stage it is rather
simple to implement the consistency condition (3.6) for enhancement, namely the decoupling of
s2 and z:
DIR(z) ≤ 1 ; DIR(s2) ≤ 1 . (A.11)
Using again the RG invariance of relative scaling dimensions (A.6), these inequalities can be
written more explicitly as follows:
2DUV(z)
2DUV(s1)−DUV(x) ≤ 1 ;
2DUV(s2)
2DUV(s1)−DUV(x) ≤ 1 . (A.12)
If the choice of nilpotent orbit is not consistent with these inequalities, we conclude that super-
symmetry does not enhance. In the rest of the Appendix we will check that (A.12) singles out
precisely the nilpotent vev’s which induce enhancement of supersymmetry in the infrared for
the theories D4, E6, E7 and E8.
A.2 Flows starting from D4
In Table 2 we list all the nilpotent orbits of D4. The orbits colored in red are the ones in which
the highest-dimensional irrep appears more than once as well as those such that the singlet
belonging to the highest-spin irrep has in the UV a conformal dimension smaller or equal to 2
(i.e. the dimension of the CB operator). As we have seen in Section 3, for these orbits there can
never be enhancement. This leaves us with a total of 5 cases to be checked by hand.
Remarkably, all five cases will give enhancement. Therefore, simply by imposing the two
criteria of uniqueness of the highest-spin singlet and that its UV dimension is greater than
22
Orbit O dim CO¯ Decomposition of Adj Enhancement?
[7, 1] 24 V1 ⊕ 2V3 ⊕ V5 Yes, H0
[5, 3] 22 3V1 ⊕ V2 ⊕ 2V3 No
[5, 13] 20 3V0 ⊕ V1 ⊕ 3V2 ⊕ V3 Yes, H1
[42]I 20 3V0 ⊕ V1 ⊕ 3V2 ⊕ V3 Yes, H1
[42]II 20 3V0 ⊕ V1 ⊕ 3V2 ⊕ V3 Yes, H1
[32, 12] 18 2V0 ⊕ 7V1 ⊕ V2 Yes, H2
[3, 22, 1] 16 3V0 ⊕ 4V 1
2
⊕ 3V1 ⊕ 2V 3
2
No
[3, 15] 12 10V0 ⊕ 6V1 No
[24]I 12 10V0 ⊕ 6V1 No
[24]II 12 10V0 ⊕ 6V1 No
[22, 14] 10 9V0 ⊕ 8V 1
2
⊕ V1 No
[18] 0 28V0 No
Table 2: All nilpotent orbits of so(8) and their adjoint decomposition. By Vj we indicate the
representation of spin j under the embedded SU(2).
2, will single out all and only the enhancing orbits. There is in principle no need to use the
inequalities (A.12) in this case. Nevertheless, checking them, one sees that they are satisfied in
the enhancing cases, as they should be. Let us perform this check explicitly.
The undeformed Weierstrass model reads (see Table 1)
y2 = x3 + τxz2 + z3 (A.13)
From the homogeneity of the curve and the CY condition we can determine the dimensions of
the coordinates and of the CB operator. We get
DUV(x) = 2, DUV(y) = 3, DUV(z) = 2. (A.14)
The inequalities (A.12) now read
DUV(s1) ≥ 3
DUV(s1) ≥ DUV(s2) + 1
(A.15)
and simply by looking at Table 2, we can see that they are indeed satisfied in the enhancing
cases.
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A.3 Flows starting from E6
The undeformed Weierstrass model in this case reads (see Table 1)
y2 = x3 + z4 . (A.16)
From the homogeneity of the curve and the CY condition we can determine the dimensions of
the coordinates and of the CB operator. We get
DUV(x) = 4 ,
DUV(y) = 6 ,
DUV(z) = 3 .
(A.17)
In Table 3 we list all the nilpotent orbits of e6. Again we color in red orbits with the highest-spin
UV dimension less or equal to 3 (i.e. the UV dimension of the CB operator) or in which the
highest-spin irrep appears more than once. As we have seen in Section 3, for these orbits there
can never be enhancement. This leaves us with a total of 10 cases to be still checked.
The inequalities (A.12) in this case read
DUV(s1) ≥ 5 ,
DUV(s1) ≥ DUV(s2) + 2 .
(A.18)
In Table 3 we color in blue all the orbits which violate (A.18), leaving just the orbits which give
supersymmetry enhancement.
A.4 Flows starting from E7
The undeformed Weierstrass model in this case reads (see Table 1)
y2 = x3 + xz3 . (A.19)
From the homogeneity of the curve and the CY condition we get
DUV(x) = 6 , DUV(y) = 9 , DUV(z) = 4 . (A.20)
In Table 4 we list all the nilpotent orbits of e7. The orbits colored in red are the ones in which
the highest-dimensional irrep appears more than once. As we have seen, for these orbits there
can never be enhancement. We also color in red the orbits for which the singlet s1 belonging to
the highest-spin irrep has in the UV a conformal dimension smaller than or equal to that of the
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Orbit O dim CO¯ Decomposition of Adj Enhancement?
E6 72 V1 ⊕ V4 ⊕ V5 ⊕ V7 ⊕ V8 ⊕ V11 Yes, H0 theory.
E6(a1) 70 V1 ⊕ V2 ⊕ V3 ⊕ V4 ⊕ 2V5 ⊕ V7 ⊕ V8 No
D5 68 V0 ⊕ V1 ⊕ 2V2 ⊕ V3 ⊕ V4 ⊕ 3V5 ⊕ V7 Yes, H1 theory.
E6(a3) 66 3V1 ⊕ 3V2 ⊕ 2V3 ⊕ 2V4 ⊕ 2V5 No
D5(a1) 64 V0 ⊕ 2V 1
2
⊕ 2V1 ⊕ V2 ⊕ 2V 5
2
⊕ 2V3 ⊕ 2V 7
2
⊕ V4 ⊕ V5 No
A5 64 3V0 ⊕ V1 ⊕ 2V 3
2
⊕ V2 ⊕ 2V 5
2
⊕ V3 ⊕ V4 ⊕ 2V 9
2
⊕ V5 No
A4 +A1 62 V0 ⊕ 2V 1
2
⊕ 2V1 ⊕ 2V 3
2
⊕ 3V2 ⊕ 2V 5
2
⊕ V3 ⊕ 2V 7
2
⊕ V4 No
D4 60 8V0 ⊕ V1 ⊕ 8V3 ⊕ V5 Yes, H2 theory.
A4 60 4V0 ⊕ 5V1 ⊕ 3V2 ⊕ 5V3 ⊕ V4 No
D4(a1) 58 2V0 ⊕ 9V1 ⊕ 7V2 ⊕ 2V3 No
A3 +A1 56 4V0 ⊕ 2V 1
2
⊕ 4V1 ⊕ 6V 3
2
⊕ 3V2 ⊕ 2V 5
2
⊕ V3 No
2A32 +A1 54 3V0 ⊕ 6V 1
2
⊕ 5V1 ⊕ 4V 3
2
⊕ 4V2 ⊕ 2V 5
2
No
A3 52 11V0 ⊕ V1 ⊕ 8V 3
2
⊕ 5V2 ⊕ V3 No
A2 + 2A1 50 4V0 ⊕ 8V 1
2
⊕ 9V1 ⊕ 4V 3
2
⊕ 3V2 No
2A2 48 14V0 ⊕ 8V1 ⊕ 8V2 No
A2 +A1 46 9V0 ⊕ 8V 1
2
⊕ 8V1 ⊕ 6V 3
2
⊕ V2 No
A2 42 16V0 ⊕ 19V1 ⊕ V2 No
3A1 40 11V0 ⊕ 16V 1
2
⊕ 9V1 ⊕ 2V 3
2
No
2A1 32 22V0 ⊕ 16V 1
2
⊕ 8V1 No
A1 22 35V0 ⊕ 20V 1
2
⊕ V1 No
0 0 78V0 No
Table 3: All the nilpotent orbits of e6 and their adjoint decomposition. Table taken from [56].
CB operator, which is 4. They also can never lead to enhancement, as discussed in Section 3.
This leaves us with a total of 20 cases to be checked by hand.
The consistency conditions (A.12) in this case read
DUV(s1) ≥ 7 ,
DUV(s1) ≥ DUV(s2) + 3 .
(A.21)
In Table (4) we color in blue all the orbits which violate (A.21). It is trivial to see from the
table that such inequalities are satisfied only by orbits which give supersymmetry enhancement.
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Orbit O dim CO¯ Decomposition of Adj Enhancement?
E7 126 V1 ⊕ V5 ⊕ V7 ⊕ V9 ⊕ V11 ⊕ V13 ⊕ V17 Yes, H0 theory.
E7(a1) 124 V1 ⊕ V3 ⊕ 2V5 ⊕ V7 ⊕ V8 ⊕ V9 ⊕ V11 ⊕ V13 No
E7(a2) 122 2V1 ⊕ V3 ⊕ V4 ⊕ 2V5 ⊕ 2V7 ⊕ V8 ⊕ V9 ⊕ V11 No
E7(a3) 120 2V1 ⊕ V2 ⊕ 2V3 ⊕ V4 ⊕ 4V5 ⊕ 2V7 ⊕ V8 ⊕ V9 No
E6 120 3V0 ⊕ V1 ⊕ 3V4 ⊕ V5 ⊕ V7 ⊕ 3V8 ⊕ V11 Yes, H1 theory.
E6(a1) 118 V0 ⊕ V1 ⊕ 3V2 ⊕ V3 ⊕ 3V4 ⊕ 2V5 ⊕ 2V6 ⊕ V7 ⊕ V8 No
D6 118 3V0 ⊕ V1 ⊕ 2V 5
3
⊕ V3 ⊕ 2V 9
2
⊕ 2V5 ⊕ V7 ⊕ 2V 15
2
⊕ V9 No
E7(a4) 116 4V1 ⊕ 2V2 ⊕ 3V3 ⊕ 2V4 ⊕ 5V5 ⊕ V6 ⊕ V7 No
D6(a1) 114 3V0 ⊕ 2V1 ⊕ 2V 3
2
⊕ 2V 5
2
⊕ 2V3 ⊕ V4 ⊕ 2V 9
2
⊕ 2V5 ⊕ 2V 11
2
⊕ V7 No
D5 +A1 114 3V0 ⊕ 2V1 ⊕ 2V 3
2
⊕ 2V 5
2
⊕ V3 ⊕ 3V4 ⊕ 2V 9
2
⊕ V5 ⊕ 2V 11
2
⊕ V7 No
A6 114 3V0 ⊕ V1 ⊕ 3V2 ⊕ 5V3 ⊕ 3V4 ⊕ V5 ⊕ 3V6 No
E7(a5) 112 6V1 ⊕ 4V2 ⊕ 5V3 ⊕ 3V4 ⊕ 3V5 No
D5 112 6V0 ⊕ V1 ⊕ 4V2 ⊕ V3 ⊕ 3V4 ⊕ 5V5 ⊕ V7 No
E6(a3) 110 3V0 ⊕ 3V1 ⊕ 7V2 ⊕ 4V3 ⊕ 4V4 ⊕ 2V5 No
D6(a2) 110 3V0 ⊕ 3V1 ⊕ 4V 3
2
⊕ V2 ⊕ 2V 5
2
⊕ 3V3 ⊕ 2V 7
2
⊕ V4 ⊕ 2V 9
2
⊕ 2V5 No
D5(a1) +A1 108 3V0 ⊕ 7V1 ⊕ 3V2 ⊕ 8V3 ⊕ 3V4 ⊕ V5 No
A5 +A1 108 3V0 ⊕ 4V 1
2
⊕ 2V1 ⊕ 2V 3
2
⊕ 3V2 ⊕ 2V 5
2
⊕ V3 ⊕ 2V 7
2
⊕ 3V4 ⊕ 2V 9
2
⊕ V5 No
(A5)
′ 108 6V0 ⊕ V1 ⊕ 2V 3
2
⊕ 3V2 ⊕ 6V 5
2
⊕ V3 ⊕ 3V4 ⊕ 2V 9
2
⊕ V5 No
A4 +A2 106 3V0 ⊕ 6V1 ⊕ 10V2 ⊕ 5V3 ⊕ 3V4 No
D5(a1) 106 4V0 ⊕ 4V 1
2
⊕ 4V1 ⊕ V2 ⊕ 4V 5
2
⊕ 4V3 ⊕ 4V 7
2
⊕ V4 ⊕ V5 No
A4 +A1 104 2V0 ⊕ 4V 1
2
⊕ 4V1 ⊕ 4V 3
2
⊕ 5V2 ⊕ 4V 5
2
⊕ 3V3 ⊕ 2V 7
2
⊕ V4 No
D4 +A1 102 10V0 ⊕ 4V 1
2
⊕ 4V1 ⊕ 4V 3
2
⊕ 5V2 ⊕ 4V 5
2
⊕ 3V3 ⊕ 2V 7
2
⊕ V4 No
(A5)
′′ 102 14V0 ⊕ V1 ⊕ 7V2 ⊕ V3 ⊕ 7V4 ⊕ V5 No
A3 +A2 +A1 100 3V0 ⊕ 15V1 ⊕ 10V2 ⊕ 15V3 No
A4 100 9V0 ⊕ 7V1 ⊕ 9V2 ⊕ 7V3 ⊕ V4 No
A3 +A2 98 4V0 ⊕ 4V 1
2
⊕ 8V1 ⊕ 8V 3
2
⊕ 4V2 ⊕ 4V 5
2
⊕ 3V3 No
D4(a1) +A1 96 6V0 ⊕ 4V 1
2
⊕ 8V1 ⊕ 8V 3
2
⊕ 5V2 ⊕ 4V 5
2
⊕ 2V3 No
D4 96 21V0 ⊕ V1 ⊕ 14V3 ⊕ V5 No
A3 + 2A1 94 6V0 ⊕ 8V 1
2
⊕ 7V1 ⊕ 6V 3
2
⊕ 7V2 ⊕ 4V 5
2
⊕ V3 No
D4(a1) 94 9V0 ⊕ 15V1 ⊕ 13V2 ⊕ 2V3 No
(A3 +A1)
′ 92 9V0 ⊕ 6V 1
2
⊕ 6V1 ⊕ 10V 3
2
⊕ 7V2 ⊕ 2V 5
2
⊕ V3 No
2A2 + 2A1 90 6V0 ⊕ 10V 1
2
⊕ 11V1 ⊕ 8V 3
2
⊕ 6V2 ⊕ 2V 5
2
No
(A3 +A1)
′ 86 21V0 ⊕ 10V1 ⊕ 15V2 ⊕ V3 No
A2 + 3A1 84 14V0 ⊕ 28V1 ⊕ 7V2 No
2A2 84 17V0 ⊕ 22V1 ⊕ 10V2 No
A3 84 24V0 ⊕ V1 ⊕ 16V 3
2
⊕ 7V2 ⊕ V3 No
A2 + 2A1 82 9V0 ⊕ 16V 1
2
⊕ 15V1 ⊕ 8V 3
2
⊕ 3V2 No
A2 +A1 76 16V0 ⊕ 16V 1
2
⊕ 16V1 ⊕ 8V 3
2
⊕ V2 No
4A1 70 21V0 ⊕ 20V 1
2
⊕ 16V1 ⊕ 6V 3
2
No
A2 66 35V0 ⊕ 31V1 ⊕ V2 No
(3A1)
′ 64 24V0 ⊕ 28V 1
2
⊕ 2V 3
2
No
(3A1)
′ 54 52V0 ⊕ 27V1 No
2A1 52 39V0 ⊕ 32V 1
2
⊕ 10V1 No
A1 34 66V0 ⊕ 32V 1
2
⊕ V1 No
0 0 133V0 No
Table 4: All the nilpotent orbits of e7 and their adjoint decomposition. Table taken from [56].
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A.5 Flows starting from E8
From the UV surface (see Table 1)
y2 = x3 + z5 , (A.22)
we find the following assignment of scaling dimensions:
DUV(x) = 10 ,
DUV(y) = 15 ,
DUV(z) = 6 .
(A.23)
In Table (5) we list all the nilpotent orbits of e8. Again we have colored in red all the orbits
which cannot induce enhancement of supersymmetry, either because the highest-dimensional
irrep appears more than once, or because the singlet belonging to the highest-spin irrep has in
the UV a conformal dimension smaller than or equal to that of the CB operator. Since in this
case the CB operator has dimension 6, the latter condition rules out all the orbits with highest
spin smaller or equal to 5. This leaves us with a total of 25 cases to be checked by hand.
We now have to impose the unitarity constraints (A.12), which reads
DUV(s1) ≥ 11 ,
DUV(s1) ≥ DUV(s2) + 5 .
(A.24)
In Table (5) we color in blue all the orbits which violate inequalities (A.24). It is easy to see
from the table that such inequalities are satisfied only by the principal nilpotent orbit, which
therefore is the only one leading to IR supersymmetry enhancement.
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Orbit O dim CO¯ Decomposition of Adj Enhancement?
E8 240 V1 ⊕ V7 ⊕ V11 ⊕ V13 ⊕ V17 ⊕ V19 ⊕ V23 ⊕ V29 Yes, H0 theory
E8(a1) 238 V1 ⊕ V5 ⊕ V7 ⊕ V9 ⊕ V11 ⊕ V13 ⊕ V14 ⊕ V17 ⊕ V19 ⊕ V23 No
E8(a2) 236 V1 ⊕ V3 ⊕ V5 ⊕ V7 ⊕ V8 ⊕ V9 ⊕ 2V11 ⊕ V13 ⊕ V14 ⊕ V17 ⊕ V19 No
E8(a3) 234 2V1 ⊕ V4 ⊕ 2V5 ⊕ V7 ⊕ V8 ⊕ 2V9 ⊕ V11 ⊕ 2V13 ⊕ V14 ⊕ V17 No
E8(a4) 232 V1 ⊕ V2 ⊕ V3 ⊕ V4 ⊕ 2V5 ⊕ 3V7 ⊕ V8 ⊕ 2V9 ⊕ 2V11 ⊕ V13 ⊕ V14 No
E7 232 3V0 ⊕ V1 ⊕ 2V 9
2
⊕ V5 ⊕ V7 ⊕ 2V 17
2
⊕ V9 ⊕ V11 ⊕ V13 ⊕ 2V 27
2
⊕ V17 No
E8(b4) 230 2V1 ⊕ V2 ⊕ 2V3 ⊕ 2V5 ⊕ V6 ⊕ 2V7 ⊕ 2V8 ⊕ V9 ⊕ V10 ⊕ 2V11 ⊕ V13 No
E8(a5) 228 3V1 ⊕ V2 ⊕ V3 ⊕ V4 ⊕ 4V5 ⊕ 2V6 ⊕ 3V7 ⊕ V8 ⊕ V9 ⊕ V10 ⊕ 2V11 No
E7(a1) 228
3V0 ⊕ V1 ⊕ 2V 5
2
⊕ V3 ⊕ 2V5 ⊕ 2V 11
2
⊕ V7⊕
⊕2V 15
2
⊕ V8 ⊕ V9 ⊕ 2V 21
2
⊕ V11 ⊕ V13
No
E8(b5) 226 4V1 ⊕ V2 ⊕ 2V3 ⊕ 3V4 ⊕ 3V5 ⊕ 3V7 ⊕ 3V8 ⊕ 2V9 ⊕ V11 No
D7 226
3V0 ⊕ V1 ⊕ 2V 3
2
⊕ V3 ⊕ 2V 9
2
⊕ V5 ⊕ 2V 11
2
⊕
⊕3V6 ⊕ V7 ⊕ 2V 15
2
⊕ V9 ⊕⊕2V 21
2
⊕ V11
No
E8(a6) 224 3V1 ⊕ V2 ⊕ 5V3 ⊕ 3V4 ⊕ 3V5 ⊕ 3V6 ⊕ 3V7 ⊕ V8 ⊕ 2V9 No
E7(a2) 224
3V1 ⊕ 2V2 ⊕ 2V 3
2
⊕ V3 ⊕ 2V 7
2
⊕ V4 ⊕ 2V 9
2
⊕ 2V5⊕
⊕2V7 ⊕ 2V 15
2
⊕ V8 ⊕ 2V 17
2
⊕ V9 ⊕ V11
No
E6 +A1 222
3V0 ⊕ 4V 1
2
⊕ 2V1 ⊕ 2V 7
2
⊕ 3V4 ⊕ 2V 9
2
⊕
⊕V5 ⊕ V7 ⊕ 2V 15
2
⊕ 3V8 ⊕ 2V 17
2
⊕ V11
No
D7(a1) 222 V0 ⊕ 4V1 ⊕ 2V2 ⊕ 3V3 ⊕ 3V4 ⊕ 6V5 ⊕ V6 ⊕ 3V7 ⊕ 2V8 ⊕ V9 No
E8(b6) 220 4V1 ⊕ 4V2 ⊕ 5⊕3 ⊕3V4 ⊕ 6V5 ⊕ 2V6 ⊕ 3V7 ⊕ V8 No
E7(a3) 220
3V0 ⊕ 2V 1
2
⊕ 2V1 ⊕ V2 ⊕ 2V 5
2
⊕ 2V3 ⊕ V4⊕
⊕4V 9
2
⊕ 3V5 ⊕ 2V 11
2
⊕ 2V7 ⊕ 2V 15
2
⊕ V8 ⊕ V9
No
E6(a1) +A1 218
V0 ⊕ 2V 1
2
⊕ 2V1 ⊕ 2V 3
2
⊕ 3V2 ⊕ 2V 5
2
⊕ V3 ⊕ 2V 7
2
⊕
⊕3V4 ⊕ 2V 9
2
⊕ 2V5 ⊕ 2V 11
2
⊕ 2V6 ⊕ 2V 13
2
⊕ V7 ⊕ V8
No
A7 218
3V0 ⊕ V1 ⊕ 2V 3
2
⊕ 3V2 ⊕ 2V 5
2
⊕ V3 ⊕ 4V 7
2
⊕
⊕3V4 ⊕ 2V 9
2
⊕ V5 ⊕ 2V 11
2
⊕ 3V6 ⊕ V7 ⊕ 2V 15
2
No
D7(a2) 216
V0 ⊕ 2V 1
2
⊕ 2V1 ⊕ 2V 3
2
⊕ 3V2 ⊕ 2V 5
2
⊕ 3V3 ⊕ 4V 7
2
⊕
⊕3V4 ⊕ 2V 9
2
⊕ 2V5 ⊕ 2V 11
2
⊕ V6 ⊕ 2V 13
2
⊕ V7
No
E6 216 14V0 ⊕ V1 ⊕ 7V4 ⊕ V5 ⊕ V7 ⊕ 7V8 ⊕ V11 No
D6 216 10V0 ⊕ V1 ⊕ 4V 5
2
⊕ V3 ⊕ 4V 9
2
⊕ 6V5 ⊕ V7 ⊕ 4V 15
2
⊕ V9 No
D5 +A2 214 V0 ⊕ 8V1 ⊕ 5V2 ⊕ 5V3 ⊕ 5V4 ⊕ 7V5 ⊕ 2V6 ⊕ V7 No
E6(a1) 214 8V0 ⊕ V1 ⊕ 7V2 ⊕ V3 ⊕ 7V4 ⊕ 2V5 ⊕ 6V6 ⊕ V7 ⊕ V8 No
E7(a4) 212
3V0 ⊕ 2V 1
2
⊕ 4V1 ⊕ 4V 3
2
⊕ 2V2 ⊕ 2V 5
2
⊕ 3V3 ⊕ 2V 7
2
⊕
⊕2V4 ⊕ 4V 9
2
⊕ 4V5 ⊕ 2V 112 ⊕ V6 ⊕ V7
No
A6 +A1 212
3V0 ⊕ 2V 1
2
⊕ 2V1 ⊕ 2V 3
2
⊕ 3V2 ⊕ 4V 5
2
⊕ 5V3⊕
4V⊕ 7
2
⊕ 3V4 ⊕ 2V 92 ⊕ V5 ⊕ 2V 112 ⊕ 3V6
No
D6(a1) 210 6V0 ⊕ 6V1 ⊕ 4V 3
2
⊕ 4V 5
2
⊕ 2V3 ⊕ 5V4 ⊕ 4V 9
2
⊕ 2V5 ⊕ 4V 11
2
⊕ V7 No
A6 210 6V0 ⊕ 5V1 ⊕ 3V2 ⊕ 13V3 ⊕ 3V4 ⊕ 5V5 ⊕ 3V6 No
E8(a7) 208 10V1 ⊕ 10V2 ⊕ 10V3 ⊕ 6V4 ⊕ 4V5 No
D5 +A1 208
6V0 ⊕ 6V 1
2
⊕ 2V1 ⊕ 2V 3
2
⊕ 4V2 ⊕ 2V 5
2
⊕ V3⊕
⊕2V 7
2
⊕ 3V4 ⊕ 4V 9
2
⊕ 5V5 ⊕ 2V 11
2
⊕ V7
No
E7(a5) 206 3V0 ⊕ 6V1 ⊕ 6V 3
2
⊕ 4V2 ⊕ 6V 5
2
⊕ 5V3 ⊕ 4V 7
2
⊕ 3V4 ⊕ 2V 9
2
⊕ 3V5 No
E6(a3) +A1 204
3V0 ⊕ 4V 1
2
⊕ 4V1 ⊕ 4V 3
2
⊕ 7V2 ⊕ 6V 5
2
⊕
⊕4V3 ⊕ 5V 7
2
⊕ 4V4 ⊕ 2V 9
2
⊕ 2V5
No
D6(a2) 204 6V0 ⊕ 3V1 ⊕ 8V 3
2
⊕ 5V2 ⊕ 4V 5
2
⊕ 7V3 ⊕ 4V 7
2
⊕ V4 ⊕ 4V 9
2
⊕ 2V5 No
D5(a1) +A2 202
3V0 ⊕ 4V 1
2
⊕ 7V1 ⊕ 4V 3
2
⊕ 6V2 ⊕ 6V 5
2
⊕
⊕4V3 ⊕ 6V 7
2
⊕ 3V4 ⊕ 2V 9
2
⊕ V5
No
A5 +A1 202
6V0 ⊕ 4V 1
2
⊕ 2V1 ⊕ 4V 3
2
⊕ 7V2⊕
⊕8V 5
2
⊕ 5V3 ⊕ 2V 7
2
⊕ 3V4 ⊕ 4V 9
2
⊕ V5
No
A4 +A3 200 3V0 ⊕ 4V 1
2
⊕ 6V1 ⊕ 8V 3
2
⊕ 6V2 ⊕ 6V 5
2
⊕ 6V3 ⊕ 4V 7
2
⊕ 3V4 ⊕ 2V 9
2
No
D5 200 21V0 ⊕ V1 ⊕ 8V2 ⊕ V3 ⊕ 7V4 ⊕ 9V5 ⊕ V7 No
Table 5: All the orbits or e8 and their adjoint decomposition. Part 1. Table taken from [56].
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Orbit O dim CO¯ Decomposition of Adj Enhancement?
E6(a3) 198 14V0 ⊕ 3V1 ⊕ 15V2 ⊕ 8V3 ⊕ 8V4 ⊕ 2V5 No
D4 +A2 198 8V0 ⊕ 14V1 ⊕ 7V2 ⊕ 14V3 ⊕ 6V4 ⊕ V4 No
A4 +A2 +A1 196 3V0 ⊕ 6V 1
2
⊕ 7V1 ⊕ 8V 3
2
⊕ 10V2 ⊕ 6V 5
2
⊕ 5V3 ⊕ 4V 7
2
⊕ 3V4 No
D5(a1) +A1 196 6V0 ⊕ 10V 1
2
⊕ 7V1 ⊕ 2V 3
2
⊕ 3V2 ⊕ 6V 5
2
⊕ 8V3 ⊕ 6V 7
2
⊕ 3V4 ⊕ V5 No
A5 196 17V0 ⊕ V1 ⊕ 2V 3
2
⊕ 7V2 ⊕ 14V 5
2
⊕ V3 ⊕ 7V4 ⊕ 2V 9
2
⊕ V5 No
A4 +A2 194 6V0 ⊕ 18V1 ⊕ 14V2 ⊕ 13V3 ⊕ 3V4 No
A4 + 2A1 192 4V0 ⊕ 8V 1
2
⊕ 9V1 ⊕ 8V 3
2
⊕ 9V2 ⊕ 8V 5
2
⊕ 5V3 ⊕ 4V 72 ⊕ V4 No
D5(a1) 190 15V0 ⊕ 8V 1
2
⊕ 8V1 ⊕ V2 ⊕ 8V 5
2
⊕ 8V3 ⊕ 8V 72 ⊕ V4 ⊕ V5 No
2A3 188 10V0 ⊕ 4V 1
2
⊕ 6V1 ⊕ 16V 3
2
⊕ 10V2 ⊕ 4V 5
2
⊕ 6V3 ⊕ 4V 7
2
No
A4 +A1 188 9V0 ⊕ 8V 1
2
⊕ 8V1 ⊕ 8V 3
2
⊕ 9V2 ⊕ 8V 5
2
⊕ 7V3 ⊕ 2V 7
2
⊕ V4 No
D4(a1) +A2 184 8V0 ⊕ 28V1 ⊕ 20V2 ⊕ 8V3 No
D4 +A1 184 21V0 ⊕ 14V 1
2
⊕ 2V1 ⊕ 6V 5
2
⊕ 14V3 ⊕ 6V 7
2
⊕ V5 No
A3 +A2 +A1 182 6V0 ⊕ 10V 1
2
⊕ 15V1 ⊕ 14V 3
2
⊕ 10V2 ⊕ 6V 5
2
⊕ 5V3 No
A4 180 24V0 ⊕ 11V1 ⊕ 21V2 ⊕ 11V3 ⊕ V4 No
A3 +A2 178 11V0 ⊕ 8V 1
2
⊕ 16V1 ⊕ 16V 3
2
⊕ 8V2 ⊕ 8V 5
2
⊕ 3V3 No
D4(a1) +A1 176 9V0 ⊕ 14V 1
2
⊕ 16V1 ⊕ 12V 3
2
⊕ 13V2 ⊕ 6V 5
2
⊕ 2V3 No
A3 + 2A1 172 13V0 ⊕ 14V 1
2
⊕ 15V1 ⊕ 16V 3
2
⊕ 11V2 ⊕ 6V 5
2
⊕ V3 No
2A2 + 2A1 168 10V0 ⊕ 20V 1
2
⊕ 20V1 ⊕ 16V 3
2
⊕ 10V2 ⊕ 4V 5
2
No
D4 168 52V0 ⊕ V1 ⊕ 26V3 ⊕ V5 No
D4(a1) 166 28V0 ⊕ 27V1 ⊕ 25V2 ⊕ 2V3 No
A3 +A1 164 24V0 ⊕ 14V 1
2
⊕ 10V1 ⊕ 18V 3
2
⊕ 15V2 ⊕ 2V 5
2
⊕ V3 No
2A2 +A1 162 17V0 ⊕ 18V 1
2
⊕ 23V1 ⊕ 16V 3
2
⊕ 10V2 ⊕ 2V 5
2
No
2A2 156 28V1 ⊕ 50V3 ⊕ 14V5 No
A2 + 3A1 154 17V0 ⊕ 28V 1
2
⊕ 28V1 ⊕ 14V 3
2
⊕ 7V2 No
A3 148 55V0 ⊕ V1 ⊕ 32V 3
2
⊕ 11V2 ⊕ V3 No
A2 + 2A1 146 24V0 ⊕ 32V 1
2
⊕ 27V1 ⊕ 16V 3
2
⊕ 3V2 No
A2 +A1 136 35V0 ⊕ 32V 1
2
⊕ 32V1 ⊕ 14V 3
2
⊕ V2 No
4A1 128 36V0 ⊕ 48V 1
2
⊕ 28V1 ⊕ 8V 3
2
No
A2 114 78V0 ⊕ 55V1 ⊕ V2 No
3A1 112 55V0 ⊕ 52V 1
2
⊕ 37V1 ⊕ 2V 3
2
No
2A1 92 78V0 ⊕ 64V 1
2
⊕ 13V1 No
A1 58 133V0 ⊕ 56V 1
2
⊕ V1 No
0 0 248V0 No
Table 6: All the orbits or e8 and their adjoint decomposition. Part 2. Table taken from [56].
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